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The rotational angular momentum dependence of the nonspherical scattering amplitude is in-
vestigated for inelastic collisions of linear molecules. As far as the approximation of small non-
sphericity can be applied, this dependence is obtained from the angular momentum dependence 
of the nonspherical interaction potential. The connection between the nonspherical scattering ampli-
tude and observables that can be measured by molecular scattering experiments involving a polariz-
ed beam is discussed. Some qualitative remarks are made on collision brackets occurring in the 
theoretical expressions for the bulk viscosity and for the Senftleben-Beenakker effect for H 2 and HD. 

In a previous paper 1 the dependence of the non-
spherical binary scattering amplitude operator on 
the rotational angular momenta of the colliding par-
ticles has been studied for energetically elastic col-
lisions of linear nonpolar molecules. This paper is 
concerned with the corresponding investigation for 
inelastic collisions, i. e., collisions which induce tran-
sitions between the rotational levels of the colliding 
molecules. Furthermore, the relevance of the non-
spherical scattering amplitude for molecular beam 
scattering experiments with polarized (aligned) mo-
lecules is discussed and some consequences for col-
lision brackets are mentioned. 

The nonsphericity of the scattering amplitude is 
of crucial importance for a great number of trans-
port and relaxation phenomena in dilute polyatomic 
gases, in particular for the relaxation of the differ-
ence between the translational and rotational tem-
peratures2 '3 (bulk viscosity), for the influence of 
magnetic and electric fields on the heat conductivity 
and viscosity4 '5 (Senftleben-Beenakker effects), for 

1 S. HESS and W . E. KÖHLER, Z. Naturforsdi. 23 a, 1903 
[1968 ] . 

2 C. S. WANG CHANG, G. E. UHLENBECK, and J. DE BOER, in 
"Studies in Statistical Mechanics I I " , ed. J. DE BOER and 
G. E. UHLENBECK, North Holland, Amsterdam 1964. 

3 C. G. SLUIJTER, H. F. P. KNAAP, and J. J. M. BEENAKKER, 
Physica 30, 745 [1964] ; 31, 915 [1965] . 

4 H. SENFTLEBEN, Phys. Z. 31, 822, 961 [ 1 9 3 0 ] . - J. J. M. 
BEENAKKER, G. SCOLES, H. F. P. KNAAP, and R. M. IONK-
MAN, Phys. Letters 2, 5 [ 1962 ] . — J. J. M. BEENAKKER, in 
„Festkörperprobleme V I I I " , ed. O. MADELUNG, Vieweg, 
Braunschweig 1968. — J. J. M. BEENAKKER and F. R. M c 
COURT, Ann. Rev. Phys. Chem. 1970. 

5 L. WALDMANN, in "Fundamental Problems in Statistical 
Mechanics I I " , ed. E. G. D. COHEN. North Holland, Amster-
dam 1968. - F. R. MCCOURT and R. F. SNIDER. J. Chem. 
Phys. 46, 2387 [1967] ; 47, 4117 [1967] , - L. A. MAKSI-
MOV and Y . V. MIKHAILOVA, Soviet P h y s . - J E T P 26. 818 

flow birefringence6 and the electric polarization 
caused by a temperature gradient6a, for nuclear spin 
relaxation7, for depolarized Rayleigh light scatter-
ing 8' 9, and for rotational Raman scattering 10. Using 
an approach based on the quantum mechanical kine-
tic equation 11 the relevant relaxation and transport 
coefficients and spectral line-widths can be expressed 
in terms of collision brackets involving the binary 
scattering amplitude operator and its adjoint. The 
temperature relaxation coefficient can be reduced to 
a collision bracket containing the inelastic differen-
tial cross section averaged over initial and summed 
over final magnetic quantum numbers. A knowledge 
of the scattering amplitude operator (matrix with 
respect to the magnetic quantum numbers), however, 
is required for a calculation of the collision brackets 
associated with all the other transport and relaxation 
phenomena mentioned above. 

The nonspherical scattering amplitude is also of 
interest for the interpretation of molecular beam 
scattering experiments with polarized (aligned) par-
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tides 12 as well as for a comparison of measurements 
of transport and relaxation coefficients with data ob-
tained from these scattering experiments. 

Inelastic differential cross sections have been stu-
died theoretically by a great number of investiga-
tors, for a survey of the literature see Ref.1 3 '1 4 . To-
tal cross sections for collisions of H2 molecules in a 
specific rotational level and magnetic substate with 
monatomics have been calculated by REUSS and 
S T O L T E 15. Reorientation cross sections needed for 
NMR in gaseous H2 have been treated by K I N S E Y , 

R I E H L a n d W A U G H 1 6 . 

This paper proceeds as follows: Firstly, a state-
ment is given of the relation connecting the scatter-
ing amplitude and the scattering 7 matrix which, in 
turn, is related to the interaction potential by the 
Lippmann-Schwinger equation. Then the nonspheri-
city parameter e which, in essence, measures the 
ratio of the nonspherical and spherical parts of the 
interaction potential, is introduced. Assuming that £ 
is small (small nonsphericity) one can expand the 
7 matrix with respect to this parameter ( § 1 ) . The 
dependence of the nonspherical 7 operator (and 
consequently of the scattering amplitude operator) 
in order e on the rotational angular momenta of the 
colliding particles is closely connected with the ro-
tational angular momentum dependence of the non-
spherical interaction potential. Therefore some gen-
eral features of the nonspherical interaction poten-
tial are studied for linear molecules where the inter-
action depends on the direction of the molecular 
axes and the line connecting the centers of mass of 
the colliding molecules ( § 2 ) . Next, a transcription 
of these "angle dependent" interaction potentials 
into a "spin operator" form is given. The "spin 
operators" are (spherical or Cartesian) tensor ope-
rators which exhibit the dependence on the rotatio-
nal angular momenta. Thus it is possible to obtain 
the rotational angular momentum dependence of the 
scattering amplitude in order £ in a rather simple 
way. As specific examples, the hydrogen molecules 
H2 and HD are considered ( § 3 ) . Observables that 
can be measured in a molecular scattering experi-
ment with a polarized beam and their relation to the 
nonspherical scattering amplitude are discussed in 
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§ 4. Finally, some order of magnitude considera-
tions are given for collision brackets that occur in 
connection with the temperature relaxation (bulk 
viscosity) and the Senftleben-Beenakker effect of the 
viscosity and the heat conductivity of H0 and HD 
( § 5 ) . 

§ 1. Scattering Amplitude in the Approximation 
of Small Nonsphericity 

The scattering amplitude operator a(k,k') is 
linked with the binary scattering 7 operator in the 
center of mass system by 

a{k,k') = -^{k\7\k'), (1.1) 

where, in the x-representation, (X k) = exp{i k e • x} 
and (X j k') = exp{i k' e'-x} are plane waves with 
e and <?' being unit vectors in the directions of the 
relative linear momenta h k and h k' after and be-
fore the collision, X = r X is the relative position vec-
tor of the centers of mass of the colliding particles 
and m12 is their reduced mass. 

The scattering 7 operator is related to the inter-
action potential by the Lippman-Schwinger equation 

7 = T+ T G(0+) 7, (1.2) 

and the "formal solution" of (1.2) is 

7 = V + V Q^V, (1.3) 

where Q(+s> = (E — H + i r j ) i s the Green's func-
tion for outgoing waves pertaining to the full Hamil-
tonian H and Go+) is the Green's function pertain-
ing to the free particle Hamiltonian. 

The interaction potential V of two linear molecu-
les may be split into a part which depends only on 
the distance r of the centers of mass of both mole-
cules (spherical part) and a part which depends on 
the orientations of the molecules relative to this vec-
tor X as well (nonspherical part). The nonspherical 
part is assumed to be small compared with the sphe-
rical part of the interaction (small nonsphericity). 
It is convenient to write the intermolecular potential 
in the form 

V=V + ev, (1.4) 
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where the spherical part V and the nonspherical 
part v are of the same order of magnitude and £ es-
sentially measures the nonsphericity. 

The expansion of (1.3) in powers of £ (cf. Ref.1 ) 
yields 

7 = T W + e T M + e 2 T W + . . . (1.5) 

where the first few in a representation-invariant 
notation, are given by 

r ( 0 W ( l + G ( + ) F ) , (1.6a) 

yd) = (1 + v G<+>) v(l+ £(+) V), (1.6b) 

T®= (1 + VG^) vG^v(l+G^ V). (1.6c) 

In (1.6) G[+} is the Green's operator 

( E - H o - V + i r j ) - 1 

for outgoing waves for the scattering process by the 
spherical potential V alone. The free particle Hamil-
tonian is denoted by H0 . Notice, that the expansion 
of 7 linear in £ in essence is the representation-
invariant form of an ordinary distorted wave Born 
approximation 17 (DWBA). 

Internal states of linear molecules (which are as-
sumed to be in the vibrational and electronic ground 

auit. it it (k, k') = 

Since TW is linked with the spherical part of the 
molecular interaction only, it cannot induce transi-
tions between rotational levels and magnetic sub-
states. 

On the energy shell, the magnitudes of the vectors 
k and k' occuring in (1.11) are connected by 

h2 k2 h2 k'2 r 
2 mn + E <A) + E ^ = O'l ) + E ( j 2 ) , 

(1 .12) 

with E(j) =h2 /'(/' + l ) / 2 & and 6 is the moment 
of inertia of a colliding molecule. 

Observables that can be measured in a scattering 
experiment are bilinear in the scattering amplitude a 
and its adjoint a f . For example, the single channel 
differential cross section in the absence of any po-
larization, averaged over initial and summed over 

17 See e. g. chapter 12 in "Introduction to the Quantum Theo-
ry of Scattering" by L. S. RODBERG and R. M. THALER, 
Academic Press, New York 1967. 

states) are specified by the rotational and magnetic 
quantum numbers j and m. The internal rotational 
states are denoted by /' m). The projection operator 
into the j-subspace can now be defined by 

P;= I\jm)(jm\. (1.7) 
m 

The corresponding two particle projection operator 
is then 

pun = ph (x) ph, (1.8) 

where® is an outer (Kronecker) product. 
The single channel scattering amplitude operator 

for a transition + j2~+ A + 7a between molecular 
rotational levels can then be written in the form 

aiJ* h'h' = pi,it a pu'h', (\ .9) 

and the total scattering amplitude operator a is then 

0 = l a ^ ^ ' , (1.10) 
it it iiit 

since ][ P'1'* = 1 • 
iiit 

For the single channel scattering amplitude Eq. (1.1) 
reads 

(1 .11) 

final magnetic quantum numbers, is given by 

ûnpol (/l j2,j1 j2 j k,e,e) (1.13) 

— A tr, tr J aid* iiit ( f lt )}ih',iih\ ~ (2 ;V+1) (2 /V + l) k' tr* > * • 

It is of order £° for energetically elastic encounters 
and of order £2 for inelastic ones as it can be in-
ferred from Eqs. (1.11), (1.13). Consequences for 
collision brackets will be discussed in § 5. Further 
examples of observables are discussed in detail in 
§ 4 . 

§ 2. Nonspherical Interactions between 
Diatomic Molecules 

In this section, some general features of the non-
spherical interaction between linear molecules are 
discussed, especially for the long range attractive 
part. Then special attention is paid to the interaction 
potentials for H2 — H2 and HD — HD. The expansion 

!-.--{(k I r^ife') phh +e(k\T<>r>M*M\k') +...} 2 71 ri~ x 1 1 ' ' 



of the intermolecular potential in terms of poly-
nomials which take into account the relative orienta-
tions of the molecular axes U ^ and M® (unit vec-
tors) and the unit vector X in the direction of the 
line connecting the centers of mass of both molecu-
les is studied first. For this purpose it proves use-

ful to introduce generalized Legendre functions 
PU'L(M(1),M(2),X) of the three unit vectors U (1\ 
tl(2) and X. 

For arbitrary unit vectors a, b, C these real func-
tions of the three rotational invariants of the three 
unit vectors are defined by 

Pn'L(a,b,c) = [ ( 2 / + 1) ( 2 / ' + 1) ( 2 L + l ) ] - , / j (10,1'0\L0) 
• 2 Ylrn ( a ) F z V ( b ) (/ m, I' m\L M) YLM{C), 

mm'M 
(2.1) 

where the Y i m ( d ) are the usual spherical harmonics 
and (/ m, I'm L M) is a Clebsch-Gordan coefficient. 
Some important special cases of (2.1) are (for fur-
ther properties see the appendix) 

Pm{a,b,C)=\, (2.2a) 

PmL(a,b,c) =P[(a c) dlL, (2.2b) 

P0l'L(a,b,c) =P['(b-c) d n , (2.2c) 

PU'o(a,b,c) = ( 2 Z + l ) - 1 P ; ( a - b ) 6n-. (2.2d) 

The expansion of the nonspherical interaction poten-
tial 'V can be written as 21 

V(U«,!!«>,*) = 2 Vu'Lir) P«L(UM,UW, X) . 
lVL (2.3) 

The functions Vu ' i ( r ) may be decomposed into a 
sum of a repulsive short range part Vfi' (r) and an 
attractive long range part V\(r). Little information 
is available regarding the short range part except 
in the case of the H 2 — He interaction where ab initio 
calculations have been performed by ROBERTS 1 8 . 

The long range part of ( 2 . 3 ) , 
W(uV>,u<N,x) = 2 VU>L(R) P*L{UW,UW,X) 

II'L 

is known to some extent since it is related to the 
electric multipole moments and the polarizabilities 
and hyperpolarizabilities of the molecules. Here we 
follow the comprehensive review article of BUCKING-
HAM 19 and write 

^ l r = ^diSp + ^i„d + ^ e l e c (2.4) 
The dispersion energy Tdisp stems from the induced 
multipole-multipole interaction, the induction energy 
T i n d from the interaction of the static multipoles 
with the induced ones and Ve\ec is the electrostatic 
interaction of the permanent multipole moments of 
the particles. 

If one takes into account only the induced dipole-
dipole term in T'disp and decomposes the polariza-
bility tensor of a linear molecule into its isotropic 
and anisotropic part according to 20 

<V = a d^ + (an - a i ) uv, 

with a (2 a_L + an), then one gets2 1 a 

Vdisp (Bd) , X) = - A a, a 2 r -6 [ 1 + £ y w P* ( " ( 1 ) ' X) + * y ® P2 ( u ® • x ) 
+ 1 1 / ( l ) 7 ( 2 ) ( 6 p 2 2 4 ( M ( l ) ) M (2) ? + i p 2 ( M ( D . M ( 2 ) ) _ l P m ( U V > t u M , * ) ) ] , 

or, written in Cartesian notation, 

Vdisp ( t i « , I I ® , X) = -Aa, + +^ff)'42) 42>) 

+ | Y^xvl^xx u(fp «#> u™ uff>] . 

In (2.6a, b) A is a typical energy 19 and y® is the ratio 

all - a ± 

(2 .5) 

(2.6a) 

(2 .6b) 

18 C. S. ROBERTS, Phys. Rev. 131, 203 [1963]. 
19 A. D. BUCKINGHAM, Chapter 2 in "Intermolecular Forces", 

ed. J. O. HIRSCHFELDER, Interscience Publishers, New York 
1967. 

20 Cartesian indices are denoted by Greek subscripts, the sum-
mation convention is used and the symbol 1 1 refers to the 
irreducible (symmetric traceless) part of a tensor, e. g. 
aß by=h{aß bv + bß Oy) — h a • b 8UV . 

21 Note, that the PU'L(uw, ui2), x) are functions of the three 
angles Xi > Xi > V °f *> if * is taken as polar axis. 

21a Note, that the vector x occurring in Eqs. (2.6) — (2.9b) is 
parallel to the line connecting the geometrical centers of 
the interacting molecules and coincides with the line con-
necting the centers of mass only for homonuclear diatomic 
molecules. 



For H2 , y is about 2 2 ' 2 3 1/3 so that terms containing products yd) y( 2) j n (2.6 a, b) may, in first approxi-
mation, be neglected compared with those linear in yd>2). 

The induction energy for molecules with dipole moments dl = d1 U(1\ d2 = d2U® is given (to 
lowest order in the polarizabilities) by 

Vind(u(l\uw,x) = - a ^ / r - U l + ^ ^ - x ) + (J P2 (li(1) • X) 

+ 2>224(Md),M(2), X) + &P2(UW-UW) - $P222(UW,UW,X))] 

+ ( 1 , 2 ) interchanged. (2 .7) 
Finally, the interaction of the permanent multi poles may be written as 

T êiec = T^d, d + ^d,q + ^q, q + higher order multipole terms. 

The dipole-dipole interaction is 

Vdtd(uW,uW,X) = — 3d1d2 r - 3 up u(v2) 'xßxv= -3d1d2 r~3 P112(tfd), U&, X), ( 2 . 8 ) 

the dipole-quadrupole terms are 
Vd,q(uM,uW,X) = - V r~4 d2 Q1 4 2 ) uP u{p x„ xvxx - ( 1 , 2 ) interchanged 

= 5 r - 4 d2 Q1 Px-23 U ^ , X) - ( 1 , 2 ) interchanged, (2.9a) 

and the quadrupole-quadrupole interaction is 

Vq,q(uW,uW,x) = W Qx Q-2 up U?>u? u(2)x.xvx,xx=^Q1Q2r^P22,{U^\u^\x). (2 .9b) 

The term (2.9b) occurs for all linear molecules (Q is the value of the molecular quadrupole moment) 
while the terms [ ( 2 . 7 ) , ( 2 .8 ) , ( 2 . 9 a ) ] are present for polar molecules only ( e .g . HCl, HCN, OCS) . 

For the interaction of linear molecules with monatomics, Eqs. (2 .3 ) , ( 2 .6 ) , (2.7) take a simpler form. 
In particular, if the particle labelled 2 is monatomic, / ' and ŷ 2> are equal to zero. This implies, that only 
ordinary Legendre polynomials P i ( U ^ ' X ) occur. 

If the nonspherical part of (2 .3) is small compared with the spherical part, it is useful to make the fol-
lowing decomposition: 

V(uM,uW,X)=V(r) + 2 leu-L Uu'M / V L ( « ( 1 ) , « ( 2 ) , * ) ( 2 . 1 0 ) 
L (Z,Z') + (0,0) 

where the Uu'i{r) are of the same order of magnitude as V(r) = f / o o o ( r ) - The are the nonsphericity 
parameters belonging to the corresponding generalized Legendre functions. In certain important cases 
( H 2 , D 2 , HD) it may be sufficient to take into account only one nonzero value for / and / ' . 

As examples the hydrogen molecules H2 and HD are considered. For the H2 — H2 interaction the terms 
with L = 2, / = 0, / ' = 2 and vice versa are the most important ones (the others may be neglected). Then 
the H2 — Ho interaction has the form 

V(u(»,uW,x) = V(r) +ev20(r) [P2(U^-x) + P 2 ( U ® - * ) ] , (2 .11) 

where £ = £2o2 a n d v20(r) = U202{r) — U022(r). Potential functions V(r) and v20(r) have been given by 
TAKAYANAGI 2 4 , TAKAYANAGI and NIBLETT 2 5 , and the mean nonsphericity parameter £ is about 0 . 0 7 . 

In calculations with HD a modified Morse potential has been used by TAKAYANAGI 24 , and SLUIJTER 3 

and TAKAYANAGI calculated the rotational relaxation coefficient for the 0 + 0 - > 1 + 0 transition in HD. 
This ad hoc potential had the form 25a 

V(U(1\X) =V(r) +ev1Q(r) P^uW-X), (2 .12) 

22 G. A. VICTOR and A. DALGARNO, J. Chem. Phys. 50, 2535 25» The interaction potential for HD —HD is assumed to be 
[1969]. the same as for H2 —H2 if it is expressed as function of the 

23 L. NELISSEN, J. REUSS, and A. DYMANUS, Physica 42. 619 vector connecting the geometrical midpoints of the mole-
[1969]. cules. Rewriting the H2— H2 potential as given in Ref. 24 

24 K. TAKAYANAGI, in "The Science Reports of the Saitama for HD —HD as a function of the vector parallel to the line 
University", Series A III, 1959. connecting the centers of mass of the HD molecules and 

25 P. D. NIBLETT and K. TAKAYANAGI, Proc. Roy. Soc. Lon- performing an average over the orientation of molecule " 2 " 
don A 250, 222 [1959]. ' one obtains (2.12, 2.13). 



where 
V(r) = D {exp[ — 2 a(r — r0) ] - 2 exp[ - a(r - r0) ] } , (2.13a) 

and «»IOW = D {/?! exp[ — 2 a(r — r0) ] - ß2 exp[ - a(r - r0) ] } . (2.13b) 

Higher order Legendre polynomials have been neglected. The constants D, r 0 , a, ßx, ß2 may be taken 
from Ref. 3. A simple generalization of (2.12) to the case where both HD molecules are allowed to jump 
into excited rotational states (but not simultaneously) consists in replacing P1(M(1) ,X) by the symmetrized 
term (M(1) -X ) — Pt (tl(2) -X) ] where the minus sign appears because X — &12 — — X21 • 

The ratio v10(r)/V(r) changes with r and is different for the short range and long range part of the 
interaction. For r < 4 a0 (a0 is the Bohr radius) it is about 0.45 and for r ^ 8 a0 it is about 0.21. A mean 
nonsphericity parameter may thus be given by £ ^ 0 . 3 . The nonsphericity of the HD —HD interaction is 
thus nearly one order of magnitude larger than that of the H2 — H2 interaction. Terms proportional to e2 in 
the scattering 7 matrix could give a non-negligible contribution so that a first order DWBA calculation 
may not be sufficient, except for order-of-magnitude considerations. 

§ 3. Angular Momentum Dependence of the 
Scattering Amplitude 

To obtain the operator form of the rotational 
angular momentum dependence of the scattering 
amplitude linear in the nonsphericity, the "spin 
operator" notation of the spherical harmonics for a 
transition from a rotational level / to a level j is 
needed. Introducing the spherical tensor operators 
Tiln , defined by 
Tim = 2 2 ( - y~m'\j'm, j - m" I Im) \ jm") (/" m \, 

m- m" (3 .1) 

one has 

[Y;m(u)vj,=pjY;m(u) pr 

= ] / I ^ U 0 , l 0 \ j f 0 ) T g . (3.2) 

The Clebsch-Gordan coefficients are denoted by 
( j m , j ' m \JM). For further properties of the Tim 

see Ref. 1. From (3.2) and (2.1) the operator form 
of the generalized Legendre functions and, using 
(2.10), of the whole nonspherical potential can be 
obtained, viz., 

[V(tfW, II®, X) ] = V(r) PÜ> <5WV DH'H' + 2 2 EN'L Uu>L(r) , (3.3) 
L (I,R)t(o,o) 

with the scalar two particle operator 

piiki/j>' = ( 4 Y ^ M W W ^ L + i y (l0>l'°\Lo) (A0,/01 tio) (;20,r01 tio) 

•2 {lm,l'm'\L M) T\t' YLM(x). (3.4) 
m,m',M 

As a special case, if one of the particles, viz. par-
ticle 2, is a monatomic, then j2 = j2 = 0 and = m 
= 0 in (3.4). 

For a DWBA calculation of the part of the 
7 matrix linear in £, with a partial wave expansion 
(which shall be given in a forthcoming paper), the 
spherical tensor form appears to be the most con-
venient one. However, it is also possible to express 
the interaction in terms of Cartesian tensor opera-
tors 7X..W j defined by the equality of scalar pro-
ducts in spherical and Cartesian form 9 

V4tz 2 Tg Ylm(x) = y ( 2 Z + 1 ) ! ! 

(3.5) 

Here, in analogy with (3.2) , the operator form of 1 1 
the tensor uMl... utJl is 9 

1 1 jj> 

ußl... Ufil (3.6) 

= y - ( 2 ZTl) !! V 2 j + 1 { j 1 ° I 0 ) ' 

Equation (3.4) can also be written in Cartesian 
form by using (3.6) and the relation ( A l ) of the 
appendix. 

In the case of j = j' (elastic scattering) the tensor 
operator is related to the well known her-

mitian tensor operator for spin j, P> J 
which is built up from the vector spin operators Jtl 

(with Jv -JvJfi = i eßvl Jx) by 



TV _ pi I 1 ph 1 H1...U1 — 1 J m • - • J ßi1 
(2Z+1) ! ! L nonspherical interaction v which is given by the sec-

V2)+1 ond term of the right hand side of Eq. (3 .3 ) . Note, 
' (/CO) • • - / (f - i)) 15 (3 .7) that simultaneous transitions in both molecules can 

_ _ occur only if both I and t are different from zero. 
/ ' ( / )= V/ ' ( / '+ 1) - \ l { \ l + 1 ) . (3 .8) On the other hand, for H , , HD the most important 

From (1.6b) one infers that in the approximation terms seem to be those with one of I or l ' being zero 
linear in the nonsphericity (first order DWBA) Td) so that only one of these molecules undergoes a 
has the same angular momentum dependence as the transition in a collision. 

For a simple nonspherical potential 

V(UW,UW,X) = 8 ym(r) [P,(ttW • x ) + ( - )1 P|(U(2> • X ) ] 

( 2 f 7 ! 1 ) ! ! g M . . . ^ , ( u < , V . . . u t f + ( - ) ' i * g ) , . . « g > ) (3.9) 

[the factor ( —) z is necessary, because X = JC12 = —^21 a n d the potential must be symmetric with respect 
to an interchange of 1 and 2 ] the scattering amplitude is, to terms linear in £ 

a = aSph + £ 2 anonsph,/ • (3-10) 
hiih'h' 

A matrix element of anonsph1 can be obtained from (1.1) and (1.6b) : 

, , . f. f in (2/ 1) ! ! 
(anonsph1') m,mt,mi'mt' = - y ^ T ( A m i > A m 2 i [1 + V (E - Hint - K - V + irj)~l] ( 3 J 1 ) 

v,o xin...x/JuP...ui\)+ ( - ) 1 i g > . . . u$) [ 1 + (E - H\nt ~ K - V + i rj) V] \ m / , j2 m2\ fc') . 

In Eq. (3 .11 ) , the states j k) and j fc') are plane wave states, K is the operator for the relative kinetic 
energy, Hmt is the internal Hamiltonian and E is the total energy for noninteracting particles. 

Since 
Hintl j 1 muj2m2) = (E(ji) + E(ji)) I / i n » 1 , / 2 m 2 ) , (3.12) 

and 

E-E(h) — E(j2) = f £ , E — E(A') ~E(j2) = (3.13) 

and V, K, and i>/o do not act on internal states, Eq. (3.11) can be rewritten in the form 

(anonsph1 ) mtmt, rn/mj' = J\ ~~~ A/Ul...fH (fc, fc ) { (A m \ | u p • • • Up | A m\ ) &j 
l — "I 

+ ( - )Z ( /2 m2 I UP • • • UP ! j-2 m*) Öhj;,< 8mimi-} . (3.14) 

In Eq. (3.14) the /-th rank tensor A ( f c , fc') is given by 
(fc, fc') = - 2 ? h r ( x ( r ) I ^ . . . i \ x i

f )

) , (3-15) 

where the states 

are the "distorted wave" states17 which are solutions of the scattering problem for the spherical inter-
action V with the boundary condition of plane waves + outgoing and ingoing spherical waves, respectively, 
at infinity. Using Eqs. (3 .6 ) , ( 3 .10 ) , (3.14) one obtains 

Ä ' Ä 1 ' (fc, fc') = ] / { f Aul...Ml (fc, fc') (3.17) 

•{V2h + l (A 0 , 1 0 I A ' 0) p}>+(-)1 V2j2 + l(j2 0,10\ j2 0) T^u W pn) . 

On the energy shell the magnitudes of fc and fc' are connected by Eq. ( 1 .12 ) . 



The tensor AMl...ßl(k, k ) can be expanded into a sum of the ( / + 1) irreducible Z-th rank tensors which 
can be constructed from the unit vectors e and <?': 

i 1 - i 

Aßx...ßl (k,k') = a0{k, k',e-e') eßl...eßl + ax (k, k', e • e ' ) eMi eM, ... em 

+ ... + aj_i(Ä, k', ee') eßl e'ßl ...e^ + a((k, k', e-e') eßl ...eh,. (3 .18) 

The angle of deflection $ is defined by cos $ = ee' (cf. § 5 ) . 

Equations (3.17) and (3.18) are consequences of 
rotational invariance. For completeness let us also 
indicate the symmetries of the scattering amplitude 
which result from invariance under time reversal 
and under space reflection. The Cartesian angular 
momentum vector J and the Cartesian unit vector M 
are used for the description of intramolecular me-
chanics. The vector 11 is restricted by the constraints 

11*11 = 1, UJ = 0. (3 .19) 

Thus, it has only one free component which together 
with J gives four independent variables equivalent 
to the canonical set cp, , of the internal spher-
ical coordinates of the rotator. According to the 
physical meaning of J as the operator of infinitesi-
mal rotation, its commutator with 11 is 

[Jß,u,,] _ =i£ßvXuk. (3 .20) 

The constraints (3.19) are compatible with (3 .20 ) . 
The same commutation rule is valid for J itself, 

whereas the components of 11 commute: 

[ / „ , / „ ] - =i£ ß VxJx; [ » „ , » , ] - = 0 . 

Now, these commutation rules are invariant under 
"time reversal", i. e. under replacing J, 11 by — J, 
11. The arrows directed to the left mean that in time 
reversed products the sequence of factors has to be 
reversed (reading from right to left). If the total 
Hamiltonian of two molecules, translational motion 
included, has this same invariance property as the 
commutation rules it is called invariant under time 
reversal. Obviously, this symmetry again appears 
in the scattering amplitude (an operator with respect 
to intramolecular states) : 

a(E, e, e', J1,u1,J2,u2) 
= a(E, - e ' , - e , -J1,u1, - J 2 , m 2 ) . (3.21) 

This is the general expresison of the time reversal 
invariance. 

Which are the ensueing symmetries of the more specialised quantities A ß l , , , u i and <Zj of ( 3 . 1 8 ) ? After 
(3.10) and (3 .14) one has 

(E, e , e , J1,u1,J2,u2) 

= 2 • • 2 (Khh, Kh.h., e, e') -pw.(i<J> ... u\}} + (-)' »£> ... P™} . 
1' ii it 

Here 
Khh =E-E(j'J-E(j2), K u u = E - E ( j 1 / ) - E ( j 2 ' ) 

are the relative kinetic energies. The time reversal operation yields 

anonsph(£> — —e, —J1,u1, —J2,u2) = 7! - 2 " ' ' 2 {Aßl...ui (Kjl -u , A ŷ?.' > - c ' , — e) 
1• h ;Y 

p h ' w ( 4 V + . . . u i > ) , 

or, by renaming the indices . . . j2 : 

Ononsph (E, -e', -e, -J1,u1, — J2, ii2) = 2 • • • 2 {Aßl...ui (Kjsj,', Kji jt , -e', - e) L- ii ii 
piiit( . . . ) ph'it} . 

Equating these expressions, term by term, according to the time reversal invariance (3.21) yields the 
symmetry 

(Khh,Kh>h',e,e') =Aßl...Ul {Kh-h., Khh, -e', -e). (3.22) 



Finally, by decomposing the A's after (3.18) , Eq. (3.22) is rewritten with an obvious abbreviation 

2 ? « { K m . K U , , * ) ( d - e ' y - H - e y ) ) ^ 
i=0 

or, term by term 

= ( - l ) 1 2 a l . i ( K h ' h ' , K h h , ^ ) [ ^ - * e , i ) 
i 

ai(Khh , Kh'j- ,#) = ( - 1)1 at-t(Kh'h. , Khh , 0 ) . (3.23) 

This is the most detailed expression for the time as the general symmetry of the scattering amplitude 
reversal invariance in the case considered. 

Similar remarks, even simpler, apply to the in-
variance under space reflection (parity conserva-

due to invariance under reflection. Returning to our 
model, i. e. interaction (3.9) treated in DWB-ap-
proximation, we obtain from (3.24) for the A's oc-

tion). The relevant property of the commutation curring in (3.15) 
rules is their invariance under replacing J, It by 
J, — M and, for the translational motion, replacing X, 
p by — X, —p. Again, from reflection invariance 
of the total Hamiltonian follows 

a(E, e, e',J1,u1,J2,u2) 
= a(E, - e , -e', J 1 ? —u 1 ? J2, - u 2 ) (3.24) 

dfii-.-m (K-iiiti Kjiii J E> C ) 
= ( - 1 )lAftl...,l {Khh, Kh'h-, - e , - e ' ) 

which obviously is already fulfilled by the detailed 
expression (3 .18) . Hence, in this case invariance 
under reflection is already covered by rotational in-
variance. 

Considering the examples H 2 (D 2 ) and HD, the following results can be stated: 
a) For Ho — H2 the 1 = 2 term in the nonspherical interaction potential is the most important one, so 

that = / / , 7 i ' i 2, / 2 = j2 and (1, 2) interchanged. Then the total scattering amplitude is 

_ _ _ L , £ ( v [ 4(0) ~i / (2 /*i+l) /i(h+l) Tnh y<(+2) ~i /3 ( / t +2) (7i+l) Tj1+2A 
a - « s p h + y l 0 | Z J/ 4 7i (7i + l ) —3 L ß V \ 2 ( 2 / 1 + 3 ) 7 

+ ^ 2 ) ] / 3 2 ( 2 7 : - l ) interchanged}. (3.25) 

The second rank tensors Affi with a = 0, + 2 can be written according to Eq. (3.18) as 

= o(0a) + a[a) + a(2a) (3.26a) 

with (k, e• e ' ) =a(k,k^,e-e') (3.26b) 

and with A;(0) = A; and a(00) = o40) (elastic scattering, cf. Ref. A) . 
b) For HD — HD the Z = 1 term seems to be most important one in the nonspherical interaction so that 

the selection rules jl = j1'+ 1, j2 = j2 and ( 1 , 2 ) interchanged hold. The total scattering amplitude is then 

a = a s p h - [ 4 + 1 V Ä + l n + l h " 4 _ 1 ) V h T j l - ^ ] ( 1 , 2 ) interchanged}. (3.27) 

The vector A ( a = + 1 ) can be written in this case as 
(3.28) 

§ 4. Observables in Molecular Beam Experiments 
with Polarized Particles 

In this section molecular scattering experiments 
with a polarized beam are discussed. Some of the 
considerations here are the same as those which ap-
pear in connection with nuclear scattering and nu-

clear reactions with polarized nuclei 26' 27. 

26 H. M. MCGREGOR, M. J. MORAVCSIK, and H. P. STAPP, 
Ann. Rev. Nucl. Sei. 10, 291 [I960] . - P. L. CSONKA, 
M. J. MORAVCSIK, and M. D. SCADRON, Ann. Phys. (New 
York) 41, 1 [1967]. 

27 H. M. HOFMANN and D. FICK, Z. Phys. 194, 163 [1966]. -
K. DÜNN and D. FICK, Z. Phys. 199, 309 [1967]. - W. E. 
KÖHLER and D. FICK, Z. Phys. 215, 408 [1968]. 



a) Description of a polarized beam 

Consider a beam of molecules in a specific rota-
tional state j. It is described by a density matrix Q*. 
If the beam is unpolarized, this density matrix is 
proportional to the corresponding unity matrix PL 
Polarization of the beam is, in general, associated 
with the occurence of different diagonal elements as 
well as of nondiagonal elements in the density 
matrix. 

The various types of polarization can be classified 
as vector polarization, second rank tensor polariza-
tion and higher multipolarizations up to the tensor 
rank Zmax = 2 j. The /-th rank multipolarization will 
be defined by the ensemble mean value of the /-th 
irreducible (either spherical or Cartesian) tensor 
operator. In terms of symmetric traeeless Cartesian 
tensor operators the /-th rank multipolarization is 
defined by 

(4.1) 
where, for convenience, the operators 

(4.2) 
have been used instead of the which have 
been defined by Eq. (3.7) . The vanish iden-
tically for / > 2 / and their normalization is 

tr S L . / J = (2 / + 1) (2 j + 1) . (4.3) 
This result is a consequence of the trace property 

t r { S L . , ( 5 L v } = (2y + 1) < V , (4.4) 

where is a n isotropic tensor which, 
when applied to an arbitrary /-th rank tensor, pro-
jects out the symmetric ireducible part of that ten-
sor. For properties of the zl®-tensor see Ref. 28. To 
give an example, the first- and second rank 5 ;-ten-
sors are expressed in terms of the angular momen-
tum vectors: 

^ = 3 ( 3 / ( 7 + l ) ) " * ? ' / „ / > ' , (4.5a) 

SU = ^ { j u + 1 ) [ / (/ + 1 ) - f ] } - * PI J j v PI . 
(4.5b) 

In general, the density matrix Q7 of a polarized beam 
of molecules in the rotational state j can be expand-
ed in terms of the Cartesian tensor operators 
as 

+ . . . + Ä . ••vi j ..w'J > (4.6) 
28 S. HESS, Z. Naturforsch. 23 a, 1095 [1968 ] . 
2 8 a H. A. TOLHOEK and J. A. M. C o x , Physica 1 9 , 1 0 1 [ 1 9 5 3 ] . 

where tr q? = 1. To check the validity of the expan-
sion (4 .6) , multiply (4.6) with and take the 
trace on both sides. Then, using the trace property 
(4 .4) , Eq. (4.1) is recovered. If the beam is un-
polarized one has 

{?' = (2 7 + 1 ) P j , (4.7) 

since all multipolarizations are zero. 
To clarify the physical meaning of the ) , 

the following special density matrix is considered 
which is diagonal with respect to a representation in 
terms of eigenfunctions | j m) of S ? - / t , where h is 
a unit vector parallel to the axis of quantization: 

Qj = lNm\jrn){jrn\. (4.8) 
m 

The multipolarizations can be related to the relative 
occupation numbers Nm ( 2 Nm = 1) of the magnetic 

m 
substates by observing that 

(Sj„1...fil) = {Sli)hMl...h,l, (4.9) 
with 

(Sf) = (2 / + 1) ( 2 I Nm(jrn,lO\ jm) . 

(4.10) 
For / = 0, 1, 2 one obtains 

(Sj0)= !Nm= 1 , (4.11a) 

( S i > = ( j i f ^ y ) ' (4.11b) 

(si) = y f [ 7 ( 7 + 1 ) [ 7 ( 7 + 1 ) - u r * 2 Nm 

' ( m 2 - i / ( 7 + D ) . (4.11c) 

Similar expressions, obtained by T O L H O E K and 
C o x 2 8 a differ from (4 .10) , (4.11) by factors due 
to a different normalization. 

b) Obversables in molecular beam experiments 

Next, consider the scattering of two beams con-
sisting of rotating molecules. The density operator 
in rotational angular momentum space which de-
scribes the beams before the collision is denoted 
with Q-m . The density operator £>fjn, describing the 
molecules after the collision is related to £>;n by 2 9 , 1 7 

£>fin = a £in a f , (4.12) 

where a is the scattering amplitude operator. 
Firstly, the scattering of a polarized beam of mo-

lecules in the rotational state jt' on an unpolarized 

29 See e. g. chapter 7 in "Coll is ion T h e o r y " by M. L. GOLD-
BERGER and K. M. WATSON, John Wiley, New York 1964. 



target (which may be another beam) consisting of 
molecules in the rotational state j2 is considered. 
The beams are uncorrelated before the collision. 
Thus the density matrix which characterizes the ini-
tial ensemble can be written as the outer product 

® eln1. (4.13) 
In Eq. (4.12) the polarized beam is described by a 
density matrix like (4.6) with j = j1 and the un-
polarized target by a density matrix like (4.7) with 
j = j2. Then the conditional density matrix (i. e. de-
pending on A > A ) for the molecules which are in 
the rotational states A and j2 after the collision is 
given by 

<?M' (h te) = a '1 ' * ; V ; V (<*+) • (4.14) 

In Eq. (4.14), the dependence of Qfin , a, and af on 
k, k', e, e' has not been indicated explicitly and will 
not be indicated in the following. The single channel 
scattering amplitude matrix has been defined in § 1. 

The differential cross section for the channel 
h + te A + te is given by 

5 (A te i ii te I k, e, e') = y trj tr2 ßföj ( ; ' / j2). 
(4.15) 

Using Eqs. (4.13), (4.14), (4.15) and (4.6) , (4.7), 
one gets 

(4.16) 

where öunpo] is the differential cross section for ini-
tially unpolarized beams, given by Eq. (1.13). The 
quantities 

Ppt.lvi (A A> A k, e, e ) 
= t r i (qt) IM. UU) 

trx t r 2 {a>> '* - ( a t jWit , ; , ; , } 1 ' ) 

are the single channel "analyzing power" tensors. 
They are essentially a measure for the influence of 
the various multipolarizations of the beam on the 
differential cross section30. The analyzing power 
tensors vanish for a pure spherical interaction and 
thus they are observables which are directly related 
to the nonspherical part of the scattering amplitude 
matrix. It is stated without proof that also the total 
"polarized" cross section differs from the total "un-
polarized" cross section and that only the even rank 
multipolarizations contribute to this difference (pro-
vided that the target is unpolarized). 

To 
give an example, the observables ounpoi a n d 

öUnpoi Pßv } are calculated for the H2 — H2 case up 
to terms linear in the nonsphericity parameter, using 
Eqs. (1.13), (3.25), (3.26), (4.17). The result is 
[see Eqs. (A.6) and (A .8 ) ] 

^unpoi(A A ' A te ) =|öSph|2 + Ö(£2) , (4.18a) 

öunpol (A + 2 A > A A ) = £ 2 ~/~<+2> 20 ^2T+3)"(2 / r+lT ' (4.18b) 

ö u n p o Ä 0 ih te,te) = - - /5T4 A ' a / S y ^ ä r R e ( a - h + 0 ( £ 2 ) ' (4-19a) 

ä ( i ' + 2 /• ' i "I - _ j ^ 3 ] / 3 0 ( 7 V + 2 ) ( ; • / + ! ) h ^ i t ' - l ) 
"unpol * /iv (h+Zjo,]2) fc(+1> 1 4 0 (2/V + 3) (2/, ' + l ) t ^ . i v n j 

•{A ' (A ' + D [A ' (A ' + 1) - I ] } - v ' - 4 r } * 4 ? 2 j 

where k ^ = ( — - + £ ( / ' / + 2 ) -£(//) )' '. c u l e s i n t h e r o t a t i o n a l s t a t e s h a n d te a r e scattered 
\2mi2 I and the polarization of the molecules " 1 " in a spe-

cific rotational state A after scattering is measured. 
Secondly, another important set of observables is The resulting multipolarizations for the channel 

obtained, if two initially unpolarized beams of mole- A ' + te ~ A + te a r e given by 

J*M is • ' • ' l i . « l r i t r 2 { ^ ' ( A ^ V ) _ t r , tr 2 { a " » h'it nn } 
1/2 I e > ® ) — tri t r g ^ tri {Yo{ann,WW ( o t ) n i t ) ' 

where / runs from 1 to 2 A • Note that the sequence scattering amplitude (and the molecular interaction) 
of a and af is different from that of Eq. (4.17). The contains a nonspherical part, 
multipolarizations (4.20) vanish again unless the 



In the case of H 2 — H 2 (and of other gases for 
which the linear approximation of small nonspheri-
city is applicable) the observables 

trx tr2{aM* ^ V ) >V;Y. hit 5A } (4.21) 

= ( 2 / V + l ) ( 2 / V + D f öunpol(AA» A ' / V ) ^ 

which are of importance for the Senftleben-Been-
akker effect ( § 5 ) are of order £ for energetically 
elastic encounters and of order £2 for collisional 
A ' —v / / ± 2 transitions. 

As a consequence of the time reversal invariance 
of the molecular interaction a simple relation exists 
between the analyzing power tensors for scattering 
of a polarized by an unpolarized beam and the po-
larization tensors after scattering of two unpolarized 
beams: 

ti\K fc') 
= PuL-tn (it ti, A 72 I - fc', - fc). (4.22) 

Other sets of observables occur if a polarized 
beam is scattered and the polarizations after scat-
tering are detected. Of course, such experiments are 
very difficult. Nuclear scattering experiments of that 
kind have been discussed in Ref. 26' 27. In kinetic gas 
theory (cf. § 5 ) observables of this type occur in 
collision brackets determining the diagonal relaxa-
tion coefficients of vector- and tensor polarizations 
of the rotational angular momentum of the mole-
cules. 

§ 5. Conclusions: Qualitative Considerations 
on Specific Collision Brackets 

In this section, some consequences of the angular 
momentum dependence of the scattering amplitude 
of molecules with small nonspherical interaction on 
the collision brackets obtained from the linearized 
quantum-mechanical collision term5 ' 31 are discus-
sed. 

a) Cross section and bulk viscosity 

First the unpolarized differential cross section is 
considered. For elastic collisions it contains a con-
tribution in order £° which is given by | asPh j2 and 
contributions in order £2. The inelastic differential 

30 If suitable (from an experimental point of view) coordinate 
systems are introduced (cf. Refs. 2 7 ) , each of the scalar 
products occuring in (4.16) will, in general, contain terms 
up to cos (2 I qp) and sin (2 I cp) where I is the rank of the 

cross section for a transition between rotational le-
vels stems from the nonspherical part of the scat-
tering amplitude and is at least of order e2. 

Thus the "classical" relaxation coefficients, ob-
tained from the linearized quantum-mechanical col-
lision operator, which determine the isotropic values 
of the transport coefficients, reduce to the well-known 
Chapman-integrals except for terms in 0 ( £ 2 ) (which 
may be neglected). Collision brackets, however, 
which are related solely to the inelastic differential 
cross section, e. g. the translational-rotational tem-
perature relaxation coefficient cotr; r o t are of order £2. 
In particular 2 , 

«»tr.rot <* 2 (2 A + 1) ( 2 / g + l ) 
i Jt i i it 

• / exp ( — y2 — £ ( A ) - £ ( 7 2 ) ) ( ^ ) V (5.1) 

• { / öunpol (ti ti»A 72 ! 7 VT, ft) sin ft d # } dy , 

is very small compared with the relaxation coeffi-
cients which determine the isotropic values of the heat 
conductivity and viscosity. In (5.1), y = h k/\/m kR T 
is a dimensionless relative velocity, £( / ' ) — E(j)/kßT 
is the dimensionless internal energy, and 

is the dimensionless internal energy transferred in 
a collision. Note, that the rotational relaxation co-
efficient 0)rot> rot is proportional to cotri r o t . The bulk 
viscosity rjy is related to eotri r o t by 2 

Thus r\Y will be rather large at room temperature 
compared with the shear viscosity which is propor-
tional to £°. 

The relaxation coefficient which couples the trans-
lational and internal energy flux is proportional to 
^tr, rot and thus may be neglected compared with 
the relaxation constants of the translational and in-
ternal energy fluxes in the expression for the isotro-
pic value of the heat conductivity2 . Then also a 
simple Eucken relation holds 2. 

b) Tensor polarization and Senftleben-Beenakker 
eßect of viscosity and heat conductivity 

Next, certain collision brackets of the linearized 
collision operator which couple "classical" (only 

tensors and cp is an azimuthal angle which runs in a plane 
perpendicular to e'. 

31 S. HESS and L. WALDMANN, Z. Naturforsch. 21a, 1529 
[1966] ; 23 a, 1893 [1968]. 



velocity- and internal energy-dependent) expansion 
tensors with "quantum-mechanical" ones (which 
contain SJ,,...̂ , , / + 0) will be examined. For the 
corresponding investigations in the case of spin par-
ticles see HESS and W A L D M A N N 31. The brackets un-
der consideration are related to the second rank 
tensor polarization of the molecules in the rotational 
state A after the collision and essentially determine 
the saturation values of the field-induced changes Arj 
and Al of the viscosity rj and the heatconductivity I 
of gases of linear rotating molecules (Senftleben-
Beenakker effect4). 

First, consider the Senftleben-Beenakker effect on 
the viscosity. One finds (cf. M C C O U R T and S N I -

D E R 5 ) 

(Ar,) max {oijjT)2 

Vo (jO„ CL>T 
(5.3) 

where i]0 is the isotropic value of the viscosity, while 
to„ and a>r are the relaxation coefficients of the 
second rank velocity tensor and the second rank 
tensor in rotational angular momentum (often cal-
led "relaxation coefficient of the tensor polariza-
tion"), and ojvt is the coupling coefficient between 
these tensors. 

The coupling bracket 

« V « 2 / exp ( - y2 - £ (A) - £ (j2)) y2 / 
hi tii it 
•f(feMev~ y'2 e'v) tri tr2{afJ* 
• d2e d V dy 

(5.4) 

is determined by the second rank tensor polarization 
of the molecules " 1 " and is of order £2 due to the 
inelastic collisions [cf. (4.18b), (4 .21) ] . The elastic 
collisions contribute at least in order £3 since, up to 
the order e2, tr^tr2{a' l j t' i l j l ( a f )w* Sj,1»} is a sym-
metric tensor in e and <?' in the elastic case and 
(eß ev — e'v) is an antisymmetric tensor31. The re-

laxation coefficient of the tensor polarization 

wT oc 2 / exp ( - y2 - £(jx) - £(j2)) y2 y 
i lit i lit 

• f {\rx tr21 (S'f}v + Sjlv) a^h'h'it (5.5) 
_ ahh,ilit {S% + S%) |2} d2e d2e' dy 

is also of order £2 because the generalized commuta-
tor is of order £. Thus the effect Arjjr]0 is of order £2 

and mainly determined by the inelastic collisions be-
tween the nonspherical molecules. The term in 
curled brackets, occuring in (5.5) could at least in 
principle be determined by scattering experiments 
where two polarized beams are scattered, and where 
the polarization of the one beam after scattering is 
detected if one beam is initially polarized. 

While for molecules with small nonsphericity the 
magnitude of the Senftleben-Beenakker effect of the 
viscosity is mainly determined by the inelastic col-
lisions, the magnitude of the Senftleben-Beenakker 
effect of the thermal conductivity is mainly due to 
the elastic collisions 31a. Here, one has (cf. M C C O U R T 

a n d S N I D E R 5 ) 

(AX) max 
Xa 

(coint, K)2 

coinfWK (5.6) 

where coint is the relaxation coefficient of the inter-
nal energy flux and OĴ  is the relaxation coefficient 
of the "Kagan vector" 31 <Pß oo cv SßV . The bracket 
wint, K couples these two vectors and cointj K oc 

2 / e x p ( - y 2 - £ ( / 1 ) - £ (j2)) (£ (A) - £ (j2)) y5 

hu 
•f ( e ^ - e ' j {trA t r 2 [ a ^ > ^ 
(at) hit, hit S^]} d2e d 2e 'dy + O (e2). 

(5.7; 

Note, that the term linear in £ in (5.7) vanishes for 
A = 7*2 (O-H2 in the rotational ground state). This 
term linear in £ in (5.7) is due to the elastic col-
lisions while the contributions of 0 (e 2 ) mainly stem 
from inelastic collisions. For p-H2 at room tempera-
ture and below, the 2 + 0 ^ - 2 + 0 collisions will be 
the most important ones. Since both relaxation co-
efficients coint and con are of order £°, the change 
of thermal conductivity in an applied magnetic field 
AX/Xq will be proportional to £2 as it is true also for 
the change of the viscosity. This statement allows 
a comparison to be made of the orders of magni-
tude 32 for the Senftleben-Beenakker effect of H2 and 
H D : 

Since in the case of H2 — H2 the mean nonspheri-
city parameter is about 33 0.07 and for HD — HD 
£ is about 0.3, the ratio f ^ D i s about 20. On 
the other hand, among the inelastic collisions in 
p-Ho the 0 + 0 - > 2 + 0 and 2 + 2 ^ 2 + 0 tran-
sitions will be of importance below room tempera-

3 1 a This statement is only true if even Legendre polynomials 
are dominating in the nonspherical interaction (homo-
nuclear molecules — like H 2 , D , — possess only even 
terms) but, in general, not for asymmetric molecules like 
HD. 

32 The difference of the Senftleben-Beenakker effect for p-H 2 

and O-H2 at low temperatures has been studied theoretically 
by MAKSIMOV and MIKHAILOVA (cf. Ref . 6 ) . 

33 Notice, that the parameter s defined in the present paper 
is 4 /3 times the £ used in Ref . 



ture, while in HD the transitions 0 + 0^>- 1 - f 0 , instead of p-H2 the ratio is still larger, about 150, 
1 + 0 ^ 2 + 0 , 1 + 1 ^ 2 + 1 , 0 + 1 - ^ 1 + 1 and which may be due to the fact that n-H2 consists of 
2 + 2 ^ 1 + 2 will give the dominant contributions. 3 /4 o-H2 and 1/4 p-H2 but only ca. 12% of the o-H2 

Thus the ratio (Ar]/rj0) ^f /(Arj /r] 0) H2may still be- molecues are in the first excited state j = 3 at room 
come larger than 20. These very crude considerations temperature while ca. 46% of the p-H2 molecules 
(other differences of the scattering amplitudes and occupy the first excited state j = 2. Therefore fewer 
the difference of the reduced masses and the mo- inelastic collisions will occur in n-H2 than in p-H2 

rnents of inertia have not been taken into account) gas. Notice, however, that theoretically n-H2 has to 
are in qualitative agreement with the measurements be treated as a gas mixture 35. 
of K O R V I N G et al. 34 which gave a factor 5 0 for the The Senftleben-Beenakker effect of p- and o-H2 

ratio of the saturation values of the change of vis- will be considered in more detail in a subsequent 
cosity for HD and p-H2 . For HD and normal H 2 publication. 

Appendix 

Some properties of the generalized Legendre functions Pu'i(d, b, C) , defined by Eq. (2 .1 ) , will be stated 
without derivation. 

1) The relation between the Pu'l and the Cartesian form of mixed scalar products is: 

Pu-l+l'(a,b,C)= ^^—^-(lOj'Oll + l'O)2 • ...atnbVl ...bvl> cfll ... c/n cVl ... cri>. ( A l ) 

2) Products of ordinary Legendre Polynomials can be written as: 

i+v 
P z ( a - c ) / V ( b - c ) = 2 Pu'L(a,b,c). (A2) 

L=\l-l'\ 

3) Coupling of two generalized Legendre functions yields: 

PU'L(a,b,c) Pkk'K(a, b, c) = 2 ] / 2 L + l V 2 K T i ( Z 0 , Z ' 0 | L 0 ) ( j f e 0 , * ' 0 | K 0 ) 
pqR 

V2 p + l V 2 q + l \[ £ ^ j C ) ' 

\ l k P) where U' k' q > is a 9 /-symbol. 
\L K RJ 

4) An orthogonality relation (with respect to C) is: 

f PU'L (a, b, c ) Pkk'K(a,b,c) d2c =dLK(-l)LV~2~L + l (Z0,Z'0jL0) (k 0, k' 0 | K 0) 
[V k' r) (A4) 

• 4 ^ 2 ( - l ) r ( / o, 0 1 r 0) (Z'0, Ä;'0 | r 0) ] /2 r + 1 L L 0 P , ( a - b ) . 
r [l k r J 

Finally, some properties of the Cartesian tensor operators which have been defined in § 3 will be 
listed: 

1) The hermitic adjoint of is given by 

(Tii;...my=(-)i-i'T2..,t- ( A S ) 

2) The orthogonality relation is: 

TR{7t..„ (TI;:.,,)= <V AIL.*, • (A6) 

34 J. KORVING, H. HULSMAN, G. SCOLES, H. F. P. KNAAP, and 35 H. H. RAUM and W. E. KÖHLER, Z. Naturforsdi. (to be 
J. J. M. BEENAKKER, Physica 36 ,177 [1967 ] . published) . 



3) For I ^ 2 the following trace formulas for triple products of ^-tensors hold: 

T R { 7 F T V H L } = 3 W ( / / 1 1 ; 2 / ) X X , ( A 7 ) 

and tr{T% TÜ TjJz} = - 10 ^ r ( / / 2 2 ; 2 /") Z l ^ y 4 a , / * ' 4 « . / a ' , (A8) 

where J F ( / / 1 1 ; 2 / ) and W(jj22;2j') are Racah coefficients. Formula (A8) together with the explicit 
expression for W { j j 2 2; 2 / + 2) has been used for deriving Eq. (4 .19b) . 

Spectrum of the Depolarized Rayleigh Light Scattered 
by Gases of Linear Molecules 

SIEGFRIED HESS 

Institut für Theoretische Physik der Universität Erlangen-Nürnberg, Erlangen 

(Z. Naturforsch. 25 a, 350—362 [1970] ; received 24 October 1969) 

The spectrum of the depolarized Rayleigh light scattered by a gas of linear molecules is cal-
culated by a kinetic theory approach based on the Waldman-Snider equation. Collisional and dif-
fusional broadening are studied. The line width is related to relaxation coeff icients which are col-
lision brackets obtained from the linearized Waldmann-Snider collision term involving the binary 
molecular scattering amplitude and its adjoint. It is shown under which conditions the relaxation 
coefficients characterizing the line width can be compared with data obtained from Sentfleben-
Beenakker effect and nuclear magnetic relaxation measurements. 

The "depolarized Rayleigh" component1 of the 
light scattered by a gas of linear molecules is asso-
ciated with fluctuations of the (2nd rank) tensor 
polarization of the rotational angular momentum 
of the molecules and, in particular, its spectrum is 
determined by the spectral function of the tensor 
polarization2 '3 . The spectrum of the depolarized 
Rayleigh light has resently been measured4 for 
some gases of linear molecules ( H 2 , N2 , C0 2 ) in 
the pressure region where the width of the line is 
primarily caused by collisional broadening (pres-
sure broadening). In this paper, the spectrum of 
the depolarized Rayleigh ligth is calculated by a 
kinetic theory approach based on the Waldmann-
Snider equation5. Both collisional and diffusional 
broadening are studied. 

Collisional broadening of the depolarized Ray-
leigh scattering has been treated theoretically by 
G O R D O N 6 who developed a classical theory which 
is akin to Anderson's impact theory 7 for the pres-
sure broadening of absorption and emission spectra. 

1 "Depolar ized" refers to the component of the scattered light 
whose electric field vector is perpendicular to the electric 
field of the linearly polarized incident light. " R a y l e i g h " 
refers to the line of the spectrum of the scattered light 
which is centered at the frequency of the incident (mono-
chromatic) light. Some of the results derived in this paper 
have been reported earlier, cf . S. HESS, Z. Naturforsch. 
24 a, 1852 [ 1 9 6 9 ] . 

2 S. HESS, Phys. Letters 29 A , 108 [1969] . 

By the kinetic equation approach used in this 
paper the calculation of the spectrum of the light 
scattered by a gas is based on the same generalized 
Boltzmann equation (Waldmann-Snider equation) 
as the calculation of transport properties of poly-
atomic gases. The line width is expressed in terms 
of collision brackets obtained from the linearized 
Waldmann-Snider collision term which involves the 
binary scattering amplitude operator and its ad-
joint. Thus a rigorous connection between the line 
width and the molecular (binary) collision proces-
ses is established. Furthermore it is possible to 
obtain relations between line widths and transport 
properties since transport coefficients can also be 
expressed in terms of collision brackets. 

This paper proceeds as follows: Firstly, after 
some preliminary remarks on the one-particle dis-
tribution function operator for a gas of linear mole-
cules and the definition of the second rank tensor 
polarization, the connection between the spectrum 
of the depolarized Rayleigh light and the spectral 

3 S. HESS, Z . Naturforsch. 2 4 a, 1675 [1969 ] . 
4 V. G. COOPER, A. D. MAY, E. H. HARA, and H. F. P. KNAPP. 

Phys. Letters 27 A , 52 [ 1 9 6 8 ] . 
5 L. WALDMANN, Z. Naturforsch. 12 a, 660 [ 1 9 5 7 ] ; 13 a. 

609 [1958 ] ; R . F. SNIDER, J. Chem. Phys. 32, 1051 [ I960] , 
see also S. HESS, Z. Naturforsch. 22 a, 1871 [1967] . 

6 R . G. GORDON, J. Chem. Phys. 44. 3083 [1966] . 
7 P. W. ANDERSON, Phys. Rev. 76, 647 [1949 ] . 


